has hindered the potential of these low-cost structures for real life applications. Several explanations of structural colors have been proposed so far. For instance, Noh and coworkers have shown the importance of short-range correlations in the structure for the color appearance and proposed a model based on single and double scattering. [32, 33] Later Magkiriadou et al. used a quantitative scattering model to explain isotropic structural color in these materials and propose that color appearance is dominated by backscattering resonances of individual particles. [26] They claim that saturated red and yellow cannot be obtained in PGs due to their limited range of reachable hues caused by a blue single particle resonance. Nevertheless, so far the origin of angle-independent structural colors is not fully understood and no corresponding model to show the exact range of accessible colors of PGs has been established.
Here, we show that a recently developed quantitative scattering model [24, 34] can fully capture the observed isotropic structural colors of PGs produced so far and even predicts a full, repeating color spectrum in PGs. The model takes into account resonant Mie scattering, short-range positional correlations, optical near-field coupling of randomly packed, spherical scatterers as well as the sample's internal reflection at the boundary. The model predicts the reflectance spectra and the expected sample color solely from the scatterer size, refractive index, filling fraction, and sample thickness. We compare the reflectance spectra calculated by the model to spectral reflectance measurements of polystyrene (PS) PGs over the entire visible spectrum. By varying the colloidal scatterer size, we can obtain blue, green, red, and purple colors repeatably, as predicted by the model. In addition, changing the effective sample thickness enables us to tune between vivid colors and white broadband reflectance. The good agreement between the model and experiment for PS PGs enables us to map the parameter space and to predict the range of color hues for different refractive index photonic materials. We show that in higher index PGs, e.g., made of titania, [24] even saturated yellow, magenta, blue, and green can be achieved over four decades of sample thicknesses. Clearly, this model provides a theoretical handle to make use of PGs for structural colors in industrial applications.
As the optical appearance of materials is given by its reflectance spectrum, we calculate the reflectance spectra from the transport mean free path ℓ* predicted by the scattering model. ℓ* is the length scale over which the memory of the direction of light propagation is lost in the regime of strong multiple light scattering. [24, 34] In the situation of high turbidity present in the PGs, the light transport is diffusive on large length scales and ℓ* can be seen as the step length in a random walk of photons. ℓ* actually quantifies the inverse turbidity and the scattering strength λ/ℓ*, λ being the incident vacuum wavelength. On a scale smaller than ℓ*, a case sketched in Figure 1a , the light scattering is described by resonant Mie scattering of individual spherical scatterers [35] represented by the form factor F(θ) (θ being the scattering angle) indicated in green. Positional correlations between the scatterers (taken as hard noninterpenetrating spheres) result in interparticle interferences which are accounted for by the Percus-Yevick structure factor S(θ), [36] sketched in blue. The angulardependent local scattering intensity is I(θ) = F(θ)·S(θ) and 1/ℓ* is obtained from angular integration of I(θ) weighted by ρ·(1 − cos (θ)), ρ being the scatterers number density. [37] Note that in the evaluation of I(θ) the choice of an appropriate effective refractive index n eff of the overall material is crucial. In contrast to earlier introduced models, [26, 32, 37] the proposed model uses the energy coherent potential approximation (ECPA) for the effective refractive index n eff [38, 39] which automatically accounts for near-field optical coupling between scatterers. For a detailed description of the model, see refs. [24, 34] , Supporting Information, and Figure S1 in the Supporting Information for the respective contributions of F(θ), S(θ), and n eff to ℓ*.
We determine the PG reflectance spectra R(λ) from ℓ*(λ) via the transmittance for a slab-shaped sample calculated from the solution of the diffusion equation [40, 41] 
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www.advopticalmat.de with z 0 (λ) being the extrapolation length and L the sample thickness. z 0 (λ) incorporates boundary conditions and internal reflections at the surface of the sample and is calculated via [40] 
where R i is the internal reflectivity calculated via the use of Fresnel's law and the Maxwell Garnett effective refractive index. [42] From the transmittance, we finally obtain the reflectance spectrum R(λ) = 1 − T(λ). In Equation (1), the sample thickness L is, besides the particle radius r, refractive index and filling fraction, an experimentally accessible parameter. However, the sample thickness is difficult to control on a macroscopic scale in experiments, especially in thin samples as required for isotropic structural colors. A practical means to circumvent a precise thickness control is adding a strong broadband absorber such as carbon black (CB). [10, 12] CB lowers the absorption length L a in the PG sample and thus acts as a cut-off length for the photon path length distribution. Physically, this process eliminates the contributions of long photon paths that generate the white appearance in R(λ). Controlling the amount of CB enables the preparation of macroscopically thick samples that still possess bright structural colors. The macroscopic absorption length L a of such samples acts similar to an effective sample thickness L eff . To be able to compare the calculated reflectance spectra of the model to experimental data, we replace L by L eff in Equation (1) and use it as a fitting parameter. Note that this is an approximation as the photon path length distribution is somewhat different for a nonabsorbing sample of finite thickness L and a sample with a corresponding absorption length L a . Note further that Equation (1) is fully valid only in the diffusive limit L ≫ ℓ*, but may still be used here as a simple approximation for the calculation of R, as fitting the effective sample thickness L eff in the model essentially adjusts the amplitude of the reflectivity while its spectral dependence originates from the wavelength dependence of ℓ*.
Having outlined the model calculation, we now show a typical experimental PG. Figure 1b shows a photograph of a PG sample, where a blue structural color can be observed. We prepared the PG sample of PS spheres with r = 102 ± 3 nm on a microscope slide according to the method of Magkiriadou et al. [26] (For details, see the Experimental Section and Figure S2 , Supporting Information.) A total concentration of 0.0125 wt% CB is present in the PG sample, which reduces the optical path length, as explained above. Figure 1c shows a typical scanning electron microscope (SEM) micrograph of the same sample, where the amorphous and random assembly of the spheres is visible. The reflectance spectra of the sample were measured as a function of wavelength using a UV-Vis spectrometer with an integrating sphere as detector unit under vertical illumination (angle of incidence ϕ = 0°) and angular illumination (ϕ = 30°). The normalized spectra for both angles of incidence are shown in Figure 1d , where the inset shows a schematic of the integrating sphere setup. The clear similarity between both curves demonstrates the optical isotropy while the peak around 480 nm is responsible for the blue structural color.
In the following section, we quantitatively compare our model to experimental spectra and explore the effect of scatterer size and sample thickness. A series of 13 samples with particle sizes varying from r = 59 nm to r = 251 nm was prepared as described above. Figure 2a shows four representative PG samples consisting of PS spheres with r = 147, 154, 174, and 212 nm, respectively. A change of the particle radius r of less than 100 nm already leads to a dramatic change of the observed isotropic structural color hues. A crossover from purple to blue via green to dark red is observed in the photographs in Figure 2a . 
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www.advopticalmat. de The full series of particle sizes is shown in Figure S3 in the Supporting Information where even a repeating color sequence is observed. We measured reflectance spectra (solid lines) of each sample and compared them to the proposed model (dashed lines). In the model, the experimentally determined radii are used without fitting, although a polydispersity of 5% is employed in the model to account for the small experimental polydispersity. In addition, a filling fraction of f = 0.3 is used which is similar to the earlier experimentally verified value for dried PGs. [24] Note that this filling fraction is relatively low compared to the sediment value obtained directly after centrifugation, but slipcasting and drying leads to a network like packing rather than to a dense particle packing. The only fitting parameter is the sample thickness L eff that is determined via a least-squares fit. Very good agreement of the position of the observed resonances between the model and experimental curves is found. For the smallest particle size (r = 93 nm), only the tail of the first resonance is observed in the low wavelength region, resulting in the dark blue color. The blue line in Figure S1 in the Supporting Information shows the relevance of structural correlations for the position of the resonances. The first resonance is affected by structural correlations but the higher resonances are essentially not. With increasing r the resonance shifts from blue (r = 93 nm) to green (r = 114 nm) to red (r = 128 nm). A second resonance appears in the low wavelength region of the spectrum of the sample with r = 147 nm and explains its purple appearance. The shift of both resonances with further increasing particle size leads to the repeating color scheme observed in Figure 2a . The appearance of a second resonance with increasing r also explains earlier observations of blue dominated structural color in PGs. [26] However, our results show that this resonance does not eliminate intermediate colors like green and red but is very sensitive to a small change in r.
Note that for samples with larger particle radii, the pure color appearance smears out as multiple resonances are present in the visible range of the spectrum (see also Figure S3 , Supporting Information). These higher-order resonances are further strongly affected by small polydispersity in the experimental data and thus show small deviations from the model predictions for large particle sizes. Note that the scattering behavior in this regime was previously studied [20] and fully explained recently. [34, 43] Besides the photographs, Figure 2a also shows the experimental and calculated spectra R(λ) converted into colors as perceived by the human eye. The color sensation is approximated via the open-source python module colorpy, [44] which allows to convert any spectrum in the visible range (we use the range λ = [360, 830] nm) into a color space such as Commission internationale de l'éclairage (CIE) xyY or Red Green Blue, making the color printable or displayable on a screen. See Figure S4 in the Supporting Information and, e.g., ref. [45] for the derivation of the color spaces and the xy-chromaticity coordinates. By comparing the chromaticity coordinates between the measured and the modeled spectrum, we see a remarkably good agreement between the colors of the measured and modeled spectrum as well as with the colors observed in the photographs.
The second parameter we investigated is the effect of absorption as controlled by the amount of CB which is equivalent to changing the effective sample thickness L eff . [10, 12] We prepared three samples with well-defined concentrations of CB (0.00625, 0.0125, 0.025 wt%). Photographs of these samples are shown in Figure 2b . Decreasing the CB concentration increases the effective sample thickness L eff , changes the color saturation, and generally leads to a lighter color appearance. Again, the model's L eff value was fitted in the same manner to the experimental data. With increasing effective sample thickness, multiple scattering contributions become more relevant and the appearance becomes more whitish as the resonance amplitudes become smaller in respect to the mean reflectance. A crossover from vivid colors to white broadband reflectance can be seen with increasing sample effective thickness. The hue can be quantified by the chromaticity coordinates which are given in each color patch. We note that the effective thickness does not alter the hue significantly.
We are now able to use the proposed model and color conversion method to map the full relevant parameter space of isotropic structural colors for a specific refractive index of the particles. In Figure 3a , we plot a map of colors calculated for PS PGs (n = 1.6) by the model, scanning the sample thickness and the particle radius. A filling fraction of f = 0.3 and a polydispersity of 5% was used as in the experiments. The corresponding colors of all the experimentally prepared PGs are indicated in the map as blue dots (Figure 2 ) or black crosses ( Figure S3 , Supporting Information).
The color change with increasing particle size observed in Figure 2 is clearly visible in the maps. Note that a pure blue is only possible for very small particle sizes r < 95 nm in the crossover from Rayleigh to Mie-scattering and additionally for r ≈ 150 nm. Changing the sample thickness (note the logarithmic scale) changes mainly the color saturation. The most intense colors of PS PG appear for particle radii between 50 and 300 nm and an effective sample thicknesses from 0.5 to 30 µm.
A prominent ingredient in white paints and other strongly multiple scattering materials is titanium dioxide (TiO 2 ) because of its high refractive index combined with low absorption in the visible. Strong resonant behavior was observed and understood with the ECPA scattering model in PGs of TiO 2 colloids. [24] In Figure 3b , we show a map of PGs of perfectly spherical and monodisperse particles of n = 2.0 (amorphous TiO 2 ) and a filling fraction of f = 0.5. The higher index leads to more saturated colors due to the enhanced resonant scattering in these materials. We observe that for particle sizes of 100-150 nm strongly saturated yellow, magenta, cyan, and green can be achieved over several orders of magnitude of sample thickness. The predicted saturated yellow and magenta in the TiO 2 map are in contrast to ref. [26] , where an absence of saturated red and yellow was claimed in PGs.
Further quantification is given by calculating the points in CIE xy space that are possible to reach with a PG. We call this the gamut of the PG. The gamuts for PS PGs and TiO 2 PGs are shown in Figure 3c , respectively, d. The gamut is made up out of loops (each corresponding to an effective thickness sweep at fixed particle radius) that contain the white point W: these are the high and low limits of the effective sample
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www.advopticalmat.de thickness, where the sample is white and black, respectively, with vanishing color saturation. Three exemplary loops are shown in Figure 3d . Changing the particle radius rotates the loop around the white point. Note that these loops are very narrow for low refractive indices, i.e., L eff solely determines the color saturation and r solely determines the color hue. There exists a sample thickness L for which the color is the most saturated for each r, i.e., the distance farthest away from the white point. These L eff -values of maximum saturation are shown in Figure 3a ,b as black lines. Note that our experimentally prepared PS samples are very close to these values. We observe that the point of maximum saturation for each loop does not make up the boundary of the gamut. This can especially be seen for r = 115 nm in Figure 3d . To obtain the gamuts boundary, we calculate the CIE xy-values for a tightly sampled parameter space and calculated the concave hull via the k-nearest neighbor approach. [46] In terms of area of the complete visible gamut, we obtain 0.68% for the PS PGs gamut and 4.28% for the TiO 2 PGs gamut.
The asymmetry of the reachable area of colors around the white point in Figure 3c ,d shows the difficulty to obtain red and yellow. Note that for PS PGs, especially saturated blue is easily achievable (peak in the area to lower left corner). This might explain the increased occurrence of blue in natural structures such as bird feathers and beetles. [10, 26] In conclusion, we showed that even with low refractive index material (PS), blue, green, and red isotropic structural colors from PGs can be prepared for a wide range of parame ters. This might enable fabrication of biocompatible and sustainable paints and coatings by replacing current scatterer's materials with an environmental friendly material such as cellulose. [47, 48] All our data are explained by a recently proposed model. [24, 34] The very good agreement of the predicted and observed isotropic structural colors allows us to use the model to predict the reachable color space for other refractive index materials. We show that saturated green, cyan, yellow, and magenta can be reached in higher index PGs. [24] Other approaches such as coated spheres were used earlier to tune the contribution of structural correlations and Mie-scattering separately. [28] This allows to reach saturated colors in even lower index materials. Replacing the spherical bulk scatterers in the model by coated spheres would allow to predict colors even in these materials. Similarly, it was recognized that photonic structures found in nature often uses inverse structures, [10] which is intrinsically included in the proposed scattering model.
Experimental Section
Sample Preparation: PS spheres with different sizes (r = 59 nm to r = 251 nm) were obtained from microparticles GmbH. All PS spheres were characterized by transmission electron microscopy (Zeiss Libra120). For each particle, its size was determined for at least 100 particles. For more details see Supporting Information.
PGs were prepared according to the method of Magkiriadou et al. [26] Typically, 800 µL of 5 wt% dispersion of monodisperse PS spheres in water was mixed with 50 µL aqueous dispersion containing 1 wt% CB (Cabot VXC72R) and 2 wt% Pluronic F-127 (Sigma-Aldrich). The Pluronic provided stabilization and kept the CB particles suspended. 
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Next, the mixture was centrifuged at 10 000 rpm for 30 min and the supernatant was removed, thereby reaching a typical filling fraction of f ≈ 0.47 ± 0.05. The dense dispersion was slipcasted onto a microscope slide and the water was allowed to evaporate, resulting in an amorphous assembly of the spheres with a thickness of several hundred µm.
Sample Characterization: The structure of the particle assemblies was characterized in detail with SEM (Zeiss CrossBeam 1540XB). Samples were broken to reveal the inner structure of the PGs.
Color photographs of the PG samples on a white and black background were captured with a digital camera (Canon PowerShot SX30 IS, settings: 1/40 s exposure time, aperture F2.7, ISO 80, manual focus: 4.3 mm focal length) under illumination of white diffusive light from a halogen lamp (Intralux DC 1100 and Fiber-Lite PL-800). The images were normalized using the custom white balance of the camera to a white background (Figure 1b) .
Reflectance spectra of the PG samples were measured in a UV-Vis spectrometer with an integrating sphere as detector unit (Agilent Cary 5000). Spectra were measured from 360 to 830 nm in 1 nm steps and with a spectral bandwidth (FWHM) of 2 nm. The circular illuminating beam had a diameter of ≈0.5 cm. A reference beam was used for calibration and a background (measurement without sample) was subtracted from the data. As the samples were relatively thick and contained CB, a strong broadband absorbing material, the remaining transmission could be assumed to be zero.
Supporting Information
Supporting Information is available from the Wiley Online Library or from the author.
Scattering Model
Figure SI.1 shows the scattering strength λ/ calculated by the scattering model introduced in detail in references [1, 2] for a particle refractive index n = 1.6 and a filling fraction of f = 0.3 (black line) plotted versus the size ratio r/λ , with λ the incident wavelength and r the particle radius. The factors S(θ), F (θ) or n eff used in the angular integral to calculate λ/ are respectively set to unity, while keeping the values for the two others (blue, green and grey dashed lines respectively) to show their relevance in the model. We observe that short-range structural correlations accounted for by S(θ) mainly influence the height and position of the first resonance (green vs. black curve), while Mie scattering in an effective medium represented by the form factor F (θ) is related to all resonances (blue vs. black). n eff influences both, the height as well as the position of each resonance (dashed grey vs. black). Here the energy coherent potential approximation (ECPA) is used for the calculation of the effective refractive index [1, 3] Changing this to the often used Garnett effective index n MG smears out strongly resonant behavior (dotted dashed grey curve).
Figure SI.1: Scattering strength λ/ plotted versus size ratio r/λ for the ECPA scattering model [1, 2] for n = 1.6 and f = 0.3 (black line). The same calculation performed with no structural correlation (S(θ) = 1, green line), no single sphere resonance (F (θ) = 1, blue line, scaled by 0.01) and without an effective index influence (n eff = 1, grey dashed line) as well as using the Maxwell-Garnett value for the effective index (n eff = n MG , grey dashed dotted line).
Particle Characterization
All PS particles were characterized with TEM to verify their exact size, as the exact particle size is one of the most important parameters determining the structural color of PGs. The size was determined from the TEM micrographs via automated particle detection algorithms in ImageJ to provide the most accurate measurements. Figure SI.2, a) shows a typical TEM micrograph of PS spheres, with in the inset the measured size distribution.
Drying effect on PG surface
After slipcasting and drying the concentrated dispersions, a crystalline layer formed on the surface of the sample (see Figure SI.2, b) ) due to strong capillary forces between the colloidal spheres. This top layer is undesired for quantitative comparison to the scattering model and was removed after drying by pressing lightly a sheet of paper on top and removing it after. Interestingly, it was found that this top layer enhances the isotropic structural color peaks in the reflectance spectra, as clearly seen in Figure SI.2, c) .
Effect of scatterer size on structural color resonances
A series of thirteen samples with varying particle sizes from r = 57 nm to r = 251 nm was prepared. 
Spectrum to color conversion
Reflectance R(λ) is the ratio of reflected to incident light intensity. Because the percepted color depends on the illumination, the reflectance-to-color conversion accounts for this by multiplying R(λ) with a standard white illumination spectrum (Commission internationale de l'éclairage (CIE) Standard Illuminant D 65 ). This spectrum is then converted via the three CIE 1931 2
• Standard Observers color matching functions to get the tristimulus in CIE XY Z colorspace. The tristimulus is converted to the normalized CIE xyY colorspace where x = X/(X + Y + Z) and y = Y /(X + Y + Z) are the chromaticity coordinates defining the colors hue and Y is the colors luminance. By normalizing to a certain luminance Y = 1, the whole range of colors -called visible gamut-can be located in a 2D plane spanned by x and y, see Figure SI . 4 . Its boundary is determined by the values for single wavelength colors in the visible range, where the endpoints at λ = 360 nm and λ = 830 nm are connected by the "line of purples". Any point in this convex area, including the D 65 whitepoint, can be reached by a linear combination of at least two single line spectra. Color saturation is defined as the distance to this white point.
To print or represent the measured or modeled spectrum as a color on a display, a given xyY -point is further transformed to a linear RGB colorspace. This needs the definition of three primaries (red, green and blue) spanning the space: we use the ITU-R BT.709 standard phosphor chromaticities. [4] Note that these might differ from one displaying device to another, giving rise to potential color distortion. The RGB space is a subspace of the CIE xyY color space because the R, G and B points can only span a space inside of the visible gamut. Colors outside of this space will not be displayed correctly as the saturation stays constant with further distance to the whitepoint. The visible gamut and a color approximation of each xy-point is displayed in Figure SI .4, along with the single line spectra colors, the R, G and B primaries as well as a projection of the RGB space they are spanning. 
